Statistical methods for analyzing economic data need to be timely, accurate and easy to compute. To accomplish this, parametric models are often assumed, but they are at best approximate, and often lack a good fit in the tails of the distribution where much of the interesting data are concentrated. Therefore, nonparametric methods have been extensively examined as alternatives to the constrictive assumptions of parametric models. This paper examines the use of Sequential Normal Scores (SNS) for transforming time series data with unknown distributions into time series data that are approximately standard-normally distributed. Particular attention is directed toward detecting outliers (out-of-control values), and applying subsequent analytic methods such as CUSUMs and Exponentially Weighted Moving Average (EWMA) schemes. Two examples of stock market data are presented for illustration.
Introduction
Many popular statistical methods for detecting outliers and change points in time series data fall into the category of Statistical Process Management (SPM), also known as Statistical Process Control (SPC), and include Shewhart Charts, Cumulative Sums (CUSUMs), and Exponentially Weighted Moving Averages (EWMA). This paper is the first to apply a new method of SPM, called Sequential Normal Scores, to economic time series. The Sequential Normal Scores
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Shewhart Charts. In this paper, we convert time series observations to Sequential Normal Scores and use standard Shewhart Charts with 3-sigma limits. That is, observations are declared to be outliers if they exceed the 3-sigma limits from the mean, in either direction. Because Sequential Normal Scores are approximately standard normal in distribution, they are declared outliers if they are greater than 3.0 in absolute value.
Most sequential analysis methods in Statistical Process Management assume a Phase I series of observations when the process is known to be "in control", to establish parameters sufficient for setting control limits. Then the subsequent observations are matched against those control limits to determine when a process is out of control. With economic data there is no "in control" set of observations, so "self-starting" methods are appropriate, to begin the analysis at any time.
Sequential Normal Scores are self-starting, and do not require a Phase I to set the parameters. However, when using 3-sigma control limits, more than 370 observations (trading days) are required before a new observation can have a sequential rank small enough or large enough for the subsequent standard normal score to exceed 3 in absolute value. In economic data with daily observations this converts to 18 months of data, during which time Sequential Normal Scores are collected but all will be within the 3-sigma (equal to plus or minus 3 in our case) limits. We suggest at least two years of data to establish "recent history" against which new observations are matched. Our examples will use two years of data (a moving window of 500 trading days) but the results are similar to the results using longer moving windows.
Although there is nothing preventing the use of the complete available history of observations, comparing new observations with values from distant history may not be as meaningful as comparing observations with only more recent data. Therefore we will look at eight cases of moving windows of past observations. With a moving window, observations are matched against only values in the previous w = 250k days, for k = 1 through 8. With stock market data 250 trading days equals approximately one calendar year, so our windows correspond roughly to years of history, from one year to eight years.
If the variance of a sequence increases sharply, the new observations have a greater probability of being declared outliers. Thus an increase in the frequency of outliers may be an indication of an increase in the variability in the sequence, whether it be measured by z-scores or by sequential ranks. Because the observations (daily yields) are assumed to be independent, the sequential ranks and Journal of Applied Mathematics and Physics therefore the Sequential Normal Scores will be independent.
Although Shewhart Chart outliers indicate unusual activity regarding the daily yield relative to historical values, it is also of interest to detect smaller changes in mean yield that are sustained over a period of time. Two popular methods for measuring sustained changes in mean yield are the cumulative changes as measured by a method known as CUSUMs [4] or exponentially weighted moving averages known as EWMA methods [5] . The purpose of this examination is not to evaluate the merits or failings of the CUSUM or EWMA procedures, but to demonstrate that the CUSUM (or EWMA) on the Sequential Normal Scores resembles the CUSUM (or EWMA) on the z-scores of the raw data in many respects, but eliminates many of the alarms that are likely to be false alarms, caused by outliers in the original data. In this sense the CUSUM (or EWMA) on the Sequential Normal Scores can be used to determine analytics on the original data, and may be superior to the analytics obtained by calculating the CUSUM (or EWMA) on the original data.
Cumulative Sums. The CUSUM method examines cumulative sums in the positive direction S-pos as well as cumulative sums in the negative direction S-neg for independent standard normal random variables , 1, 2, 
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for some suitably chosen constant k. The rationale behind the CUSUMs is to accumulate z scores that are indicating a possible shift in the mean, either up or down. A penalty of k standard deviations is applied at each step, and the accumulation is not allowed to change signs. We are using k = 0.5 and declaring "significance" if S-pos > +4.774 or if S-neg < −4.774 because, according to the R-program spc, this will result in a probability of declaring a false positive (Type 1 error) of 0.0027, matching the 3-sigma limits for the Shewhart charts. That is, the average run length between successive CUSUM outliers is about 370 for standard normal data, the same as we are using in the Shewhart Charts.
Exponentially Weighted Moving Averages. The EWMA E j on the jth observation Z j is given by ( ) 1 1 0 and 1 for 1
for some suitably chosen value λ. According to Table 5 .1 on page 188 of [6] the choice of λ = 0.2 and ρ = 2.859 will result in boundaries of ±0.953 to attain a false positive probability of 0.0027, again matching the 3-sigma limits for the Shewhart charts, if the observations are independent standard normal random variables.
Outliers
First we will concentrate on identifying outliers, or out-of-control observations, Journal of Applied Mathematics and Physics defined as observations whose Sequential Normal Scores are greater than 3 in absolute value, corresponding to 3-sigma limits with normal data. There are many ways of classifying observations as outliers and they all involve much subjective reasoning. We feel that the qualities of a good outlier test include the following basic characteristics.
1) The results should be consistent with other tests for outliers.
2) The results should include "obvious" outliers.
3) The results should not include too many false positives.
4) The results should not include too few declared outliers (too many false negatives).
5) The method should be intuitive to the average person.
Therefore we will examine several methods for identifying outliers and compare them on their merits as defined above. These methods are all self-starting, and therefore do not require "Phase 1" observations to estimate parameters or distributions. The four basic methods are as follows.
1) USING THE RAW DATA:
The daily yield will be converted to a z-score by subtracting the mean of the previous observations (as few as 2 are required) and dividing by the standard deviation of the previous observations, and declared an outlier if the result is greater than 3 in absolute value. Only previous observations within a moving window of fixed width are used, to keep the comparison current. If the z-scores agree with the normality assumption the probability of being declared an outlier is close to 0.0027, a very small number.
2) USING THE LOG-TRANSFORMED DATA: The log transformation is popular for financial data of this type for two reasons. First, if the data have outliers resulting from a right-skewed distribution, the log transformation may make the data resemble more closely a normal distribution. Second, as prices tend to trend upwards or downwards over time the percentage change may be a more realistic statistic to use over long time periods rather than a simple arithmetic difference. Therefore the difference between the log price for one day, minus the log price for the previous trading day, which equals the log of the ratio of the two prices, will be the basic observation, and will be treated as above. That is, it will be converted to z-scores and compared with 3 in absolute value. This method may not be as intuitive as the previous method, but it may be superior for other reasons. If the transformed data are approximately normal, the probability of an observation being declared an outlier is close to 0.0027.
3) SEQUENTIAL NORMAL SCORES: The data may be converted to Sequential Normal Scores (SNS), which are approximately standard normal in distribution, and which are highly correlated with the original raw data. An observation is declared an outlier if its SNS is greater than 3 in absolute value. This is a nonparametric method whose exact probability of declaring an outlier can be computed easily as a function of the length of the sequence, or the window size of the previous observations used in the ranking. 
Economic Time Series
The value of a stock or a portfolio of investments continually changes over time.
This paper examines only investments that are traded openly on the market, with the closing price on each trading day, listed on yahoo.financial, as the data being analyzed. Although stock prices are highly auto-correlated, the changes in stock prices from one trading day to the next appear to be independent observations, driven by the tendency for the market to be "efficient". Actually, changes in stock prices, like many economic time series, have an almost negligible serial correlation, and appear to have no "memory", like a random series, but their absolute values usually have a non-negligible serial correlation, unlike a random series.
We will show that Sequential Normal Scores convert original data to data that appear to have come from a standard normal distribution, while maintaining a high correlation with the original data, and retaining the non-random characteristics of the original data such as a slight serial correlation, a large serial correlation of absolute values, and a tendency for extreme observations to cluster. The result is a data sequence with a "known" probability distribution, that of the standard normal distribution, so statistical methods designed around standard normal random variables may be used to analyze the original time series. Our analysis is restricted to the change in price from one trading day to the next, and the percentage change from one trading day to the next, called the "yield" or the "relative yield", which may be positive (a gain, or profit) or negative (a loss).
Although the change in price appears to be a sequence of independent observations, it has been known for many years that almost all financial or economic sequences have subtle dependencies that can be exploited to assist in predicting subsequent values. As noted in [7] , "large changes tend to be followed by large changes, of either sign, and small changes tend to be followed by small changes."
This phenomenon has come to be known as "volatility clustering" and has been studied by many researchers. GARCH models such as presented in [8] and [9] Journal of Applied Mathematics and Physics are among the first to be applied to this phenomenon, so sometimes this volatility clustering is called the GARCH effect. Other models such as those studied in [10] , [11] , and [12] produce values with little or no serial correlations, but whose absolute values or squares have substantial serial correlations and thus result in volatility clustering. Another theory, advanced in [13] and [14] , attributes volatility clustering to the "herd" behavior of investors who respond almost simultaneously to other economic indicators. Our interest in this paper is not in producing models that simulate volatility clustering, but rather in detecting the presence of volatility clustering in observed sequences.
When dealing with autocorrelated processes, Statistical Process Management techniques make use of the marginal distribution of the stationary process under monitoring to detect outlying observations. We can see this approach in [15] .
This situation is extended when we use SNS on an autocorrelated process as long as this process is stationary.
From [3] we see that SNS can be expressed as a function of sequential empirical quantiles. It was proven that empirical quantiles converge to the true quantiles when dealing with a series of independent observations. This fact was used to prove that SNS converge to the quantiles of a standard normal distribution. If we are dealing with autocorrelated observations, the results in [3] can be extended to stationary time series, using the theoretical results in [16] . From [16] we know that, within some general conditions usually satisfied by ARMA and GARCH processes, the empirical quantiles used in the calculation in SNS are unbiased and consistent estimators of the true quantiles of the marginal distribution of the stationary process. As a corollary, when observations in a stationary time series are transformed into SNS, SNS quantiles still converge to quantiles of the normal distribution, but this normal distribution represents the transformation of the marginal distribution of the stationary process.
Ordinary Ranks Compared with Sequential Ranks
There are three major differences between ordinary ranks and sequential ranks. or greater than +3 (because previously declared "outliers" do not change their designation). That is, a sequence with 370 or fewer observations will not have any SNS greater than 3 in absolute value, but a sequence with 370 + k observations may have up to k SNS greater than 3 in absolute value. Thus SNS have more flexibility in declaring outliers than ordinary ranks.
The z-scores may have a slight dependence built in which we will ignore. In general the occurrence of outliers should be independent Bernoulli random variables with probability close to 0.0027 of occurring. Unlikely clusters of outliers may be the result of a violation of the independence assumption.
Clusters of outliers, statistically significant in their close proximity to each other, may signify an increase in variability in the sequence, or a sharp increase in the mean, or a sharp decrease in the mean. A simple nonparametric test may be used to determine if a cluster of outliers is statistically significant, as follows.
The Cluster Test for Outliers
For independent events (like out-of-control days) the binomial distribution can be used to find the probability of k or more out-of-control days (one minus the probability of k − 1 or fewer out-of-control days) in any given set of n observa-Journal of Applied Mathematics and Physics tions, such as observations following an observed out-of-control day. In other words, the probability that an out-of-control observation is the beginning of a statistically significant cluster of k or more out-of-control observations within n consecutive trading days is given as follows. Let X equal the SNS or the z-score, let t be the trading day when abs(X) > 3, and let Y equal the number of additional out-of-control days observed within the next n − 1 consecutive trading days.
Then:
is the first day in a cluster of at least out-of-control days within trading days 1| is binomial with parameters 0.0027 and 1 1 2 | is binomial with parameters 0.0027 and 1 1 BINOMDIST 2, 1, 0.0027,1
using Excel's BINOMDIST function that produces cumulative binomial probabilities. We refer to this as the cluster test. A brief table of statistically significant clusters is given in Table 1 .
A cluster of k outliers (observations >3 or <−3) within n observations for parametric methods (column N(0,1)) and for SNS using various window sizes w, is significant at alpha = 0.05 using Equation (4), for different probabilities p. Reject the hypothesis of randomness at the 5% level if there are k or more outliers within the number of consecutive trading days given in Table 1 .
This points out one advantage of using Sequential Normal Scores: the outlier probability is known exactly, and is distribution-free, for each choice of window size w, while the exact outlier probability is not known for the other methods because their distribution is not known exactly, just assumed to be approximately standard normal.
For example, according to Table 1 the occurrence of 5 or more outliers within 507 consecutive trading days (approximately 2 years) is statistically significant at the 5% level for independent standard normal random variables. The p-value for an observed cluster of k outliers within n trading days is given by Equation (4). The value n = 507 changes in the SNS case, depending on the exact probability of an outlier for the corresponding window size. Table 1 . Length of a cluster of k or more observations to be significant at the 0.05 level. The occurrence of a significant cluster indicates an increased level of variability in daily yields, or a sharp upward or downward trend in the mean yield, or a combination of both. In short, it indicates a marked instability in the sequence of yields relative to the historical values.
The Poisson distribution can be also used to find the probability of k or more out-of-control days, as an approximation to the binomial distribution if the probability of success is small and the trials are either independent or "weakly dependent" [17] . Let X and Y be defined as in the Binomial test, then: Table 1 shows no appreciable difference.
Example Using Host Hotel and Resorts, Inc. Data
Reference [18] uses real data from the closing stock price of shares of Host Hotel and Resorts, Inc. (HST) found on the website https://www.hosthotels.com/. It uses data from January 3, 2000 to March 30, 2007 to detect change-points in the daily returns. We are using data from January 3, 2000 to December 29, 2017 to bring the example closer to current times. The data have a definite quarterly effect, and steady growth. It is a good typical stock to study. The additional years we added to the study cover the real-estate "bust" of 2007, the recession years, and the recovery years until recently. We find this stock especially interesting because [18] states that the daily returns follow a normal distribution, and uses that model in its analysis. It "proves" this assumption with a Q-Q plot that shows clearly that the bulk of the daily returns is indeed Gaussian, but there is a definite departure in the tails, which it ignores. It is the tails that interest us. The tails prove to be "fatter" than the Gaussian model would suggest and are likely to affect our methods for detecting outliers. This stock is also interesting because of the wide range of ups and downs of the stock over the past 18 years.
This example looks at 18 years of data on the price per share of Host Hotel and Resorts, obtained from the website https://finance.yahoo.com/. According to [18] , HST is "the largest American lodging and real estate investment trust." It assumes a normal distribution for the daily change in price. Indeed, the bar chart in Figure 1 for the first year (250 trading days, representing year 2000) of yields could easily be mistaken for being approximately normal, with the exception of the two obvious outliers.
The entire series of 18 years of closing prices shows a highly autocorrelated series of observations, and is given in Figure 2 Sequential Normal Scores are independent if they are calculated on independent observations (as are sequential ranks), and since they are calculated on the daily change they may be regarded as essentially independent. The serial correlation of Sequential Normal Scores (using a 500-day window) for this sequence is −0.021, between the serial correlation of the original data (−0.075) and the z-scores on the daily changes (−0.015). Note that these serial correlations are small, almost negligible, but statistically significantly different from zero because of the length of the series (4528 observations).
It is also interesting to note that the serial correlation of the absolute values of the daily yields is 0.249, large enough to account for the phenomenon called volatility clustering, and large enough to contain possibly useful information for the prediction of subsequent observations. Using a 500-day window on both series, Journal of Applied Mathematics and Physics Analysis of the logarithms of the stock prices results in more dependence. The serial correlation of the daily changes in the logarithms for this sequence is -0.127, a substantial correlation, and the serial correlation of the absolute values of the changes in logarithms is 0.420, an even more substantial correlation. For this reason we will not attempt to convert changes in logarithms to Sequential Normal Scores.
A histogram of Sequential Normal Scores for the first 250 trading days is given in Figure 3 , for comparison with the bar graph of the raw data in Figure 1 . Note the general shape of a standard normal density, but with randomness due to the data. A histogram of Normal Scores from ordinary ranks of these same observations would follow a rigid bell-shaped curve with no randomness. The correlation coefficient of these 250 Sequential Normal Scores in Figure 3 with the 250 values of daily profit on which they were based in Figure 1 where 16 z-scores exceed +3 for 0.40%, again much larger than the target 0.135%. This indicates that even after converting to z-scores, the number of identified "outliers" using z-scores is 47, 1.17% of the total, more than four times the 10.9
(0.27% of the total) that one would expect from a standard normal random variable. It would be misleading to declare all 47 observations to be outliers.
An easy way to determine the statistical significance of the daily variations in profit is obtained by converting the daily profits to Sequential Normal Scores. Now it is easy to spot 3-sigma deviations in a Shewhart graph of Sequential Normal Scores. There are 11 Sequential Normal Scores less than −3 and 8 Sequential
Normal Scores greater than +3, for a total of 19 out of 4025 days, or 0.47%, much closer to the target 0.27% for the two tails combined. In fact, the actual probability can be computed exactly for a 500-day window of SNS, because of their distribution-free nature, to be 2/500 = 0.40%, in good agreement with the observed value of 0.47%. The observed difference in percentages for the z-scores may be attributed to the fact that the original data are not well approximated by a normal distribution in the tails. This discrepancy is corrected almost entirely by using Sequential Normal Scores.
For purposes of discussion, let's look at the significant values of SNS using a 2-year window, listed as "YES" in the "500 trading day window" column in Table   2 . The outliers ("YES") in boldface mark a statistically significant cluster of outliers has occurred. The symbol * means that during startup the window was shorter than designated. Starting from day 1 in the series (instead of day 501 as we did above) there are a total of 21 "outliers" detected (values greater than 3 in absolute value), as compared to the expected number of 12.2 using the standard normal probability of 0.0027 for the total of 4525 observations. But here the advantage of being completely distribution-free can be utilized to compute the exact probability of getting a Sequential Normal Score above 3 (in absolute value) for a window of 500 observations. The sequential ranks are equally likely to be any integer from 1 to 500 (barring ties), and only the integers (ranks) 1 and 500 result in Sequential Normal Scores outside the (−3, +3) interval, for an exact probability of Journal of Applied Mathematics and Physics That means four outliers occurred within 111 trading days, which has a p-value of 0.01 according to Equation (4) . Two of the four were positive outliers and two were negative, suggesting a change in variation rather than a shift in the mean.
Maybe it is a coincidence that the real estate bubble burst three months later in February 2007, sending stock prices into a steep slide that lasted several years, and maybe not. We have to leave that conclusion up to the experts in the field. Six outliers over a span of almost three years, as occurs near the end of the series for the 500-day window, would be statistically significant for standard normal random variables according to Table 1 . This may not be of interest from a practical standpoint because of the long time span, even though it is statistically significant. We are arbitrarily assuming in this paper that clusters less than one year (250 trading days) in duration from beginning to end are of more interest to financial analysts than clusters that span longer periods of time, so we are marking in boldface in Table 2 Table 2 , as well as the agreement in declaring significant clusters of outliers. For this reason the SNS approach to identifying outliers is recommended. Table 4 shows that of the 21 days identified as outliers using SNS, 20 are also identified as outliers by the z-scores, for excellent agreement. A comparison of the SNS method with the z-score methods for all eight choices of window sizes is interesting as shown in Table 5 . For a fair comparison, the first 2000 trading days are not considered, and the comparison begins only after all the various window sizes are complete.
The first difference is that the Shewhart Chart on the original raw data identifies more than twice as many outliers as the SNS method, about four to seven times as many as expected if the probability of an outlier is truly 0.27%. This suggests that the true probability of a z-score being declared an outlier is much greater than 0.27%, but unknown. The second difference is that with this many declared outliers the cluster test on z-scores is practically useless. Almost every declared outlier raises the alarm of a cluster occurring. This suggests that the Shewhart Chart on the raw data is declaring many false positives. Using the log transformation results in even more outliers declared which exacerbates the problem of false positives. These results are consistent for all eight choices of window length for z-scores on the raw data. We do not list all the z-score outliers in this paper because there are so many. 
CUSUM and EWMA with Sequential Normal Scores
Next we compare the CUSUM method on Sequential Normal Scores for detecting changes in the mean yield, with the CUSUM method on the z-scores of the raw data. We use the 500-day window for this comparison, but the results are very similar for all the other window sizes examined in this paper.
The preceding analysis looked at variability, and showed that Sequential We performed a CUSUM analysis on the z-scores of the raw data (500-day moving window) to see if the CUSUMs detect a shift in the mean daily profit.
For comparison we performed the same analysis on the Sequential Normal Scores (500-day moving window) to see if we can detect a shift in the mean daily profit. As stated earlier, we used k = 0.5 as the adjustment in Equations (1) and (2), and h = ±4.774 as the boundaries, which results in the probability of a Type I error close to the 0.0027 that results from 3-sigma limits in a Shewhart Chart for normally distributed data. Table 6 gives the yearly totals, and shows that for the years 2002-2017 the raw data z-scores resulted in 110 days with significant CUSUMs (25 positive, 85 negative) out of 4027 days total, for 2.7%, ten times the 0.27% expected for normal distributions. The SNS resulted in 73 days with significant CUSUM values (20 positive, 53 negative), for 1.8%, also much larger than, but much closer to, the target. Table 7 . Daily agreements and disagreements with CUSUMs for SNS and z-scores. Table 7 is a frequency table of the number of days where there is agreement between the CUSUMs on the z-scores and the CUSUMs on the SNS in declaring outliers for the HST data over the 18 years examined. It shows that shows that of those 73 days with significant CUSUMs on the SNS, 68 were the same days identified by using the z-scores on the raw data (17 of the 20 "high" and 51 of the 53 "low"), for a pretty good agreement. Most of the excess in significant CUSUMs for the z-scores occurs immediately following an unusually large (in absolute value) z-score, a "carryover effect" not shown by the SNS analysis. Table 8 shows that the day-by-day agreement for EWMA is also very good. Of the 30 outliers identified by EWMA on SNS, 21 are the same days identified by EWMA on the raw data z-scores. The correlation of the EWMA on the z-scores and the EWMA on the SNS is a near-perfect 0.980.
A CUSUM or EWMA chart built specifically for detecting scale changes might also be found useful in practice, and the results obtained in this research can be used analogously.
Example Using the S & P 500 Index
The previous example examined the behavior and analysis of a single company's stock, known as HST. This example looks at a portfolio of 500 stocks, the S & P 500, that is one basis for representing the entire market with a single number.
Shares in the S & P 500 cannot be bought or sold, but many companies have mutual funds trying to mimic the makeup of the S & P 500 which makes this an important example. The S & P 500 is a weighted average of the price per share of 500 different companies that represent in some sense the entire economy of publicly traded companies. The S & P 500 seems to be a logical place to start, to see if Sequential Normal Scores can be useful in analyzing a portfolio of stocks.
To demonstrate the versatility of Sequential Normal Scores we will analyze the daily percent change of the closing price of the S & P 500, rather than the actual daily change in price which we analyzed with the HST data in the previous example. Otherwise our approach is the same as described in the HST example. One quality of interest is identifying the percentage daily yield as an "outlier"
or not, as in the previous example. We will declare a day's percentage return as an outlier if its z-score or SNS falls outside the 3-sigma limits for a standard normal random variable. As before, this will correspond to converting percentage yields to z-scores, by subtracting an estimate of the mean and dividing by an estimate of the standard deviation (Method 1), by converting the logarithm of the closing price to percentage daily log yields, and then converting to z-scores The same is true for the lower tail, where the expected count is again 6.46 but the observed count is 46. Thus the tails are much "fatter" than expected.
By comparison the exact exceedance probability for SNS using a 500-day window is 1/500 = 0.002 in each tail, compared with the standard normal value of 0.00135. The actual number of exceedances for the SNS with a 500-day window is 14 above +3, and 10 below −3, in closer agreement with the exact Journal of Applied Mathematics and Physics Large numbers of outliers suggest underestimation of the probability of an outlier. The number of outliers identified by the SNS method is consistent over all window sizes, and closer to the target values, so this method appears to be the most satisfactory method, of the ones examined, for identifying outliers. Table 10 shows the dates of the outliers identified by the Sequential Normal
Scores method for S & P-500 percentage yields over the various window sizes, like Table 2 showed for HST data. These dates are determined by 3-sigma limits on a Shewhart Chart of Sequential Normal Scores (5284 trading days from January 2, 1997 to December 29, 2017). The outliers ("YES") in boldface indicate a statistically significant cluster of outliers has occurred. The asterisk (*) indicates outliers that occurred during startup while the window was shorter than designated. Table 10 shows good agreement among the seven (ignoring the 250 day window, which cannot produce an outlier) different windows for determining Journal of Applied Mathematics and Physics Table 10 Table 11 shows the agreement between the SNS outliers and the z-score outliers on a year by year basis, where both are using a 500 day window. It is interesting to see the agreement between the two methods, and the fact that the most outliers occur during the worst-performing S & P 500 years. Table 12 details the exact days of the outliers, comparing the SNS with the z-scores again, both with 500-day windows, for 5284 trading days of the S & P 500 from January 2, 1997 to December 29, 2017. Note that 23 of the 24 SNS "outliers" are also declared "outliers" by the z-scores, for excellent agreement.
The results for the other window lengths are consistent with these results. 
CUSUM and EWMA Analyses on the S & P 500 Data
Because the original daily percentage changes are considered to be independent observations, the Sequential Normal Scores are also considered to be independent observations, and both sets of observations lend themselves to analysis using CUSUMs and EWMA. Tables 13-15 compare the CUSUM and EWMA computations on the z-scores using a 500-day window, with the SNS using a 500-day window, starting with trading day 501 (December 28, 1998) and extending through December 29, 2017. Similar results occur with the other window sizes but are not reported here. Table 13 gives the yearly totals, where it is evident that years with high numbers of outliers using the SNS correspond to years with high numbers of outliers using z-scores, for both the CUSUMs and the EWMA. As shown in Table 13 there are 121 statistically significant CUSUMs on the z-scores of the raw data, 40
positive, 81 negative. This is more than double the number (47) of statistically significant CUSUMs on the Sequential Normal Scores, which had 12 positive and 35 negative. Note that the years of clusters of significant CUSUMs agree with the periods of clusters of significant outliers, but are more sensitive to changes in means, rather than changes in variance. Table 14 gives the daily agreement figures for CUSUMs. It is interesting to note that out of the 47 significant CUSUMs on the SNS, 44 of them were included as significant in the raw data, 11 of the 12 "high" and 33 of the 35 "low".
The excess of significant CUSUMs on the raw data can be traced back in almost every case to the occurrence of an unusually large CUSUM that carried over to a number of successive trading days that were not counted by the SNS, which minimizes the effect of an unusually large value by virtue of using ranks.
The correlation between the positive CUSUMs (z-scores vs. SNS) is 0.944, and the correlation between the negative CUSUMs is 0.939, indicating an almost perfect proxy using the SNS. These CUSUM values computed from Sequential Normal Scores can be used for further analysis, such as determining "change dates" and other interesting phenomena just as CUSUMs on the raw data are often used, because they mimic the CUSUMs on the raw data without being overly sensitive to unusually large observations spilling over to subsequent dates. Table 15 is a frequency table that shows the day-by-day agreement and disagreement between the EWMA computed on the SNS versus the EWMA computed on the z-scores, using 500-day windows for both. All 21 significant EWMA values computed on the SNS are also significant EWMA values for the z-scores.
It is curious to note that there are no EWMA values above the threshold 0.953 for the SNS values, and only 1 for the z-scores, but this is consistent with a similar analysis on the actual daily differences instead of the percentage daily differences. The total of 21 significant EWMA values is closer to the expected count of 12.9 expected from a sequence of independent normal random variables, than is the 45 significant EWMA values observed on the z-scores. The correlation between the EWMA on the z-scores and the EWMA on the SNS is a near-perfect 0.972.
Conclusion
Sequential Normal Scores provide a fast and simple way of converting any time series of independent and identically distributed random variables into a stream of independent apparently standard normal random variables. Even for financial data such as yields of individual stocks or changes in the S & P-500 index where the data are not exactly independent, the Sequential Normal Scores are highly correlated with the original data, even mimicking the serial correlation of lag one and the serial correlation of absolute values. The identification of outliers using SNS agrees across seven different windows, and is in agreement with methods based on z-scores of the original data, but without as many false positives.
Also the CUSUM and EWMA computations on SNS agree with similar computations on the z-scores of the raw data, without as many false positives. The Sequential Normal Scores provide a distribution-free method of analysis with known probabilities, while the original data have an unknown distribution, similar to a normal distribution, but with tail probabilities much different than normal probabilities. Therefore statistical methods that require exotic methods of analysis perhaps can be replaced by simpler methods based on the analysis of Sequential Normal Scores.
